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Abstract. The Debye-Hu¨ckel equation is a fundamental physical model in chemical
thermodynamics that describes the free energy (chemical potential, activity) of an ion in
electrolyte solutions at variable salt concentration, temperature, and pressure. It is based
on the linear Poisson-Boltzmann equation that ignores the steric (finite size), correlation,
and polarization effects of ions and water (or solvent molecules). The Poisson-Fermi theory
developed in recent years takes these effects into account. A generalized Debye-Hu¨ckel
equation is derived from the Poisson-Fermi theory and is shown to consistently reduce to
the classical equation when these effects vanish in limiting cases. As a result, a linear fourth-
order Poisson-Fermi equation is presented for which unique solutions are shown to exist for
spherically symmetric systems. Moreover, a generalized Debye length is proposed to include
the size effects of ions and water.
1. INTRODUCTION
Thermodynamic modeling of aqueous electrolyte solutions plays a fundamental role in
chemical and biological sciences and engineering [1, 9, 10, 17, 19, 20, 22–24, 35, 37, 39,
40, 45, 46]. Despite intense efforts in the past century, robust thermodynamic modeling of
electrolyte solutions still remains a remote ambition [40] in the extended models from the
classical Debye-Hu¨ckel (DH) theory due to the enormous number of parameters that need to
be adjusted, carefully and often subjectively [12, 20, 40, 46]. For example, the Pitzer model
requires 8 parameters for a ternary system and up to 8 temperature coefficients (parameters)
for every Pitzer parameter in a temperature interval from 0 to about 200 ◦C [40, 46]. It
is indeed a frustrating despair (frustration on p. 11 in [22] and despair on p. 301 in [39])
2that approximately 22,000 parameters for combinatorial solutions of the most important 28
cations and 16 anions in salt chemistry have to be extracted from the available experimental
data for one temperature [46]. The Pitzer model is still the most widely used DH model
with unmatched precision for modeling aqueous electrolyte solutions over wide ranges of
composition, temperature, and pressure [40].
The Debye-Hu¨ckel theory [8] is based on a linearization of the nonlinear Poisson-
Boltzmann (PB) equation that was developed by Gouy [15] and Chapman [6] in early 1910s
and ignores the steric (finite size), correlation, and polarization effects of ions and water.
However, tremendous technological advances of experimental tools in modern sciences ren-
der physical details of biological and chemical systems at atomic scale [4, 16] for which these
effects can no longer be ignored for modeling electrolyte solutions in numerous applications
[1, 9, 10, 20]. The Poisson-Fermi (PF) theory developed in recent years takes these effects
into account and has been shown to illustrate the importance of these effects in a range
of areas from electric double layers [2, 26, 34] and ion activities [31, 32] to biological ion
channels [26, 28, 30, 33, 34].
Based on the numerical PF model developed in [31, 32], we derive, analyze, and verify
a generalized DH equation from the PF model to account for these three effects. The PF
model is a fourth-order nonlinear partial differential equation (PDE), where the fourth-order
term describes the correlation effect of ions and the polarization effect of water molecules
both in a mean-field approximation. The finite-size (steric) effect of all particles (ions and
water treated as non-uniform spheres) is described by a steric potential that is defined by a
void fraction function in the solvent domain, i.e., the voids between spheres are expressed
as a function that varies in the domain with the variation of electric potential if the solvent
domain is subject to external electric fields. The steric potential can be considered as a
mean-field approximation of the Lennard-Jones (L-J) potential between any pair of ions and
water molecules, which describes the net inter-molecular force and thus defines the distance
(voidness) between the pair. L-J potentials are highly oscillatory and hence not suitable for
mean-field calculations due to approximation and convergence issues [26, 30].
The main results of the present work are summarized as follows: (i) A fourth-order lineal
PF equation is presented for which we show that unique solutions exist for spherical sym-
metric systems such as the ionic activity model considered here. (ii) A generalized Debye
length — a measure of how far the electrostatic effect of an ion in solution persists [8] — is
3proposed to include the size effects of ions and water molecules, which have been ignored in
the classical Debye length. (iii) A correlation length [25] — a measure of how strongly corre-
lations between ions develop [2, 42] and how easily water molecules in electrolyte solutions
are polarized in response to an electric field [26–28, 30] — is shown to be a non-empirical
parameter (in contrast to empirical ones in [2, 26, 28, 30, 42]) that depends not only on
the salt concentration but also on the sizes of ions and water (in contrast to that of size
independence in [25]). (iv) The generalized DH equation and Debye length are shown to
reduce to their classical versions when the steric and correlation effects are ignored.
The remaining of the paper is organized as follows. The Poisson-Fermi theory is briefly
described in Section 2 from which we give a detailed derivation and analysis of the generalized
Debye-Hu¨ckel equation in Section 3. The derivation is based on a linear Poisson-Fermi
equation in Section 3.1, which is a fourth-order PDE and is transformed to two second-
order PDEs in Section 3.2 for which general solutions are found for spherical symmetric
systems. In Section 3.3, a unique solution is found for the second-order PDEs in a specific
domain that consists of effective Born, hydration shell, and solvent spherical subdomains
for modeling the solvation energy of an ion in general binary electrolytes. We present
a full set of interface and boundary conditions for these two PDEs on which the unique
potential solution is derived. This electrostatic potential accounts for correlation, steric,
polarization, and hydration effects that are absent in the classical DH theory. It also leads
to a generalized DH equation in Section 3.4 for algebraically calculating individual or mean
activity coefficients of binary electrolytes. In Section 3.4, we show that the generalized
equation consistently reduces to the classical DH equation when these effects are ignored.
Moreover, asymptotic analyses of the linear PF equation (Section 3.2) and the generalized
DH equation (Section 3.4) are also given as the generalized Debye length tends to infinite
(or equivalently the salt concentration tends to zero) for infinite dilute electrolytes, the
correlation length tends to zero (without correlations), or the volumes of ions and water
tend to zero (without size effects). Some concluding remarks of this work are made in
Section 4.
42. POISSON-FERMI THEORY
For an aqueous electrolyte system with K species of ions, the entropy model proposed in
[28, 34] treats all ions and water of any diameter as nonuniform hard spheres, and regards
the water as the (K+1)th species and the voids between these hard spheres as the (K+2)th
species. The total volume V of the system can be calculated exactly by the identity
V =
K+1∑
i=1
viNi + VK+2, (1)
where vi = 4πa
3
i /3 with radius ai, Ni is the total number of the i
th species particles, and
VK+2 denotes the total volume of all the voids. In the bulk solution, we have the bulk
concentrations CBi =
Ni
V
and the bulk volume fraction of voids ΓB = VK+2
V
. Dividing the
volume identity (1) by V , ΓB = 1−∑K+1i=1 viCBi is expressed in terms of nonuniform vi and CBi
for all particle species. If the system is spatially inhomogeneous with variable electric or steric
fields, as in realistic biological and chemical systems, the bulk concentrations then change to
concentration functions Ci(r) that vary with positions, and differ from their constant values
CBi at location r in the solvent domain Ωs. Consequently, the void volume fraction becomes
a function Γ(r) = 1−∑K+1i=1 viCi(r) as well.
It is shown in [28, 34] that the distribution (concentration) of particles in Ωs is of Fermi-
like type
Ci(r) = C
B
i exp
(
−βiφ(r) + vi
v0
Strc(r)
)
, Strc(r) = ln
(
Γ(r)
ΓB
)
, (2)
since it saturates, i.e., Ci(r) <
1
vi
for any arbitrary (or even infinite) electric potential φ(r)
at any location r ∈ Ωs for all i = 1, · · · , K + 1 (ions and water), where βi = qi/kBT with
qi being the charge on species i particles and qK+1 = 0, kB is the Boltzmann constant, T
is an absolute temperature, and v0 =
(∑K+1
i=1 vi
)
/(K + 1) an average volume. The steric
potential Strc(r) first proposed in [26] is an entropic measure of crowding or emptiness of
particles at r. If φ(r) = 0 for all r, then Γ(r) = ΓB and hence Strc(r) = 0. The factor vi/v0 in
(2) shows that the steric energy −vi
v0
Strc(r)kBT of a type i particle at r depends not only on
the steric potential Strc(r) but also on its volume vi similar to the electric energy βiφ(r)kBT
that depends on both the electric potential φ(r) and its charge qi [34]. The steric potential is
a mean-field approximation of Lennard-Jones (L-J) potentials that describe local variations
of L-J distances (and thus empty voids) between every pair of particles. L-J potentials are
highly oscillatory and extremely expensive and unstable to compute numerically.
5A nonlocal electrostatic formulation of ions and water is proposed in [34] to describe the
correlation effect of ions and the polarization effect of polar water. The formulation yields
the following fourth-order Poisson-Fermi equation [42]
ǫs
(
l2c∇2 − 1
)∇2φ(r) = ρ(r), r ∈ Ωs, (3)
where ǫs = ǫwǫ0, ǫw is the dielectric constant of bulk water, ǫ0 is the vacuum permittivity,
lc =
√
lBlD/48 is a density-density correlation length independent of specific ionic radius
[25], lB and lD are the Bjerrum and Debye lengths, respectively, ∇ is the gradient operator
in R3, ∇2 = ∇ · ∇, and ρ(r) =∑Ki=1 qiCi(r) is ionic charge density. It is shown in [34] that
the fourth-order PF equation (3) reduces to the classical second-order PB equation when
lc = vi = 0 for all i, i.e., the correlation, steric, and polarization effects are ignored. Eq. (3)
was first proposed in [42] (with vi = 0 for all i) and subsequently derived in [2, 34] (with
vi 6= 0) from different perspectives of electrostatics.
3. DERIVATION AND ANALYSIS OF GENERALIZED DEBYE-HU¨CKEL
EQUATION
3.1. Linear Poisson-Fermi Equation
For simplicity, we consider a general binary (K = 2) electrolyte Cz2Az1 with the valences
of the cation Cz1+ and anion Az2− being z1 and z2, respectively. In the bulk situation
(φ(r) = Strc(r) = 0), the charge neutrality condition q1N1 + q2N2 = 0 of the system implies
that
β2 =
q2
kBT
=
−N1q1
N2kBT
=
−N1
N2
β1 =
−CB1
CB2
β1,
CB2 =
N2
V
=
−q1N1
q2V
=
−q1CB1
q2
,
and hence
ǫs
(
l2c∇2 − 1
)∇2φ(r) = q1C1(r) + q2C2(r) = q1
[
C1(r)− C
B
1
CB2
C2(r)
]
. (4)
Since
Ci(r) = C
B
i exp (−βiφ(r))
(
Γ(r)
ΓB
) vi
v0
, i = 1, 2,
C3(r) = C
B
3
(
Γ(r)
ΓB
) v3
v0
,
6we obtain
Γ(r)
ΓB
=
(
C3(r)
CB3
) v0
v3
, (5)
Ci(r) = C
B
i exp (−βiφ(r))
(
C3(r)
CB3
) vi
v3
. (6)
Substituting Eq. (6) into (5) yields
(
C3(r)
CB3
) v0
v3
=
1− v1CB1 exp (−β1φ(r))
(
C3(r)
CB
3
) v1
v3
ΓB
−
v2C
B
2 exp (−β2φ(r))
(
C3(r)
CB
3
) v2
v3 + v3C3(r)
ΓB
. (7)
Assuming that the functional C3(φ(r)) = C3(r) can be expressed by Taylor’s formula
C3(r) = b0 + b1φ(r) +O(φ
2(r)), (8)
we then have(
C3(r)
CB3
)α
=
(
b0
CB3
)α
+ α
(
b1
CB3
)(
b0
CB3
)α−1
φ(r) +O(φ2(r))
=
(
b0
CB3
)α
+ α
(
b1
b0
)(
b0
CB3
)α
φ(r) +O(φ2(r)) for α ≥ 0. (9)
Consequently, the left hand side of Eq. (7) can be written as
(
C3(r)
CB3
) v0
v3
=
(
b0
CB3
) v0
v3
+
v0
v3
b1
b0
(
b0
CB3
) v0
v3
φ(r) +O(φ2(r)) (10)
7and the right hand side gives
1− v1CB1 exp (−β1φ(r))
(
C3(r)
CB
3
) v1
v3 − v2CB2 exp (−β2φ(r))
(
C3(r)
CB
3
) v2
v3 − v3C3(r)
ΓB
=
1− v1CB1 (1− β1φ(r) +O(φ2(r)))
[(
b0
CB
3
) v1
v3 + v0
v3
b1
b0
(
b0
CB
3
) v1
v3 φ(r) +O(φ2(r))
]
ΓB
−
v2C
B
2 (1− β2φ(r) +O(φ2(r)))
[(
b0
CB
3
) v2
v3 + v0
v3
b1
b0
(
b0
CB
3
) v2
v3 φ(r) +O(φ2(r))
]
ΓB
− v3 (b0 + b1φ(r) +O(φ
2(r)))
ΓB
=
1− v1CB1
(
b0
CB
3
) v1
v3 − v2CB2
(
b0
CB
3
) v2
v3 − v3b0
ΓB
+
v1C
B
1
(
b0
CB
3
) v1
v3
[
β1 −
(
v0
v3
)(
b1
b0
)]
ΓB
φ(r)
+
v2C
B
2
(
b0
CB
3
) v2
v3
[
β2 −
(
v0
v3
)(
b1
b0
)]
− v3b1
ΓB
φ(r) +O(φ2(r)). (11)
Therefore, the constant terms in Eqs. (10) and (11) give
(
b0
CB3
) v0
v3
=
1− v1CB1
(
b0
CB
3
) v1
v3 − v2CB2
(
b0
CB
3
) v2
v3 − v3b0
ΓB
(12)
whereas the first-order terms yield
v0b1
v3b0
(
b0
CB3
) v0
v3
=
v1C
B
1
(
b0
CB
3
) v1
v3
(
β1 − v1b1v3b0
)
ΓB
+
v2C
B
2
(
b0
CB
3
) v2
v3
(
β2 − v2b1v3b0
)
− v3b1
ΓB
. (13)
Note that b0 = C
B
3 is a solution of Eq. (12). To determine if this solution is unique, we
define the function
f(x) = ΓBx
v0
v3 + v1C
B
1 x
v1
v3 + v2C
B
2 x
v2
v3 + v3C
B
3 x− 1
that gives
lim
x→0+
f(x) = −1, lim
x→∞
f(x) =∞ > 0,
f ′(x) =
v0
v3
ΓBx
v0
v3
−1
+
v1
v3
v1C
B
1 x
v1
v3
−1
+
v2
v3
v2C
B
2 x
v2
v3
−1
+ v3C
B
3 > 0.
8Therefore, the coefficient b0 = C
B
3 is unique. Similarly, by Eq. (13), we have
v0b1
v3C
B
3
=
v1C
B
1
(
β1 − v1b1v3CB3
)
+ v2C
B
2
(
β2 − v2b1v3CB3
)
− v3b1
ΓB
=
β1C
B
1 (v1 − v2)− (
v21C
B
1 +v
2
2C
B
2 )b1
v3CB3
− v3b1
ΓB
,
ΓBv0b1 = β1C
B
1 C
B
3 v3 (v1 − v2)−
(
v21C
B
1 + v
2
2C
B
2 + v
2
3C
B
3
)
b1,
and hence the coefficient b1 =
β1CB1 C
B
3 v3(v1−v2)
ΓBv0+(v21CB1 +v22CB2 +v23CB3 )
is unique by Eqs. (12) and (13). From
Eqs. (4), (6), and (9), we have
q1
[
C1(r)− C
B
1
CB2
C2(r)
]
= q1C
B
1
[
exp (−β1φ(r))
(
C3(r)
CB3
) v1
v3 − exp (−β2φ(r))
(
C3(r)
CB3
) v2
v3
]
= q1C
B
1
{(
1− β1φ(r) +O(φ2(r))
) [( b0
CB3
) v1
v3
+
v1b1
v3b0
(
b0
CB3
) v1
v3
φ(r) +O(φ2(r))
]
− (1− β2φ(r) +O(φ2(r)))
[(
b0
CB3
) v2
v3
+
v2b1
v3b0
(
b0
CB3
) v2
v3
φ(r) +O(φ2(r))
]}
= q1C
B
1
{(
1− β1φ(r) +O(φ2(r))
) [
1 +
v1b1
v3C
B
3
φ(r) +O(φ2(r))
]
− (1− β2φ(r) +O(φ2(r)))
[
1 +
v2b1
v3CB3
φ(r) +O(φ2(r))
]}
= q1C
B
1
[
(β2 − β1) + (v1 − v2) b1
v3CB3
]
φ(r) +O(φ2(r)),
which implies the following result.
Theorem 3.1. If Taylor’s formula (8) holds for the functional C3(φ(r)) = C3(r), we then
have the linear Poisson-Fermi equation
ǫs
(
l2c∇2 − 1
)∇2φ(r) = −CB1 q1
kBT
[(q1 − q2)− Λq1]φ(r) (14)
for any binary (K = 2) electrolyte solutions, where
Λ =
CB1 (v1 − v2)2
ΓBv0 + (v
2
1C
B
1 + v
2
2C
B
2 + v
2
3C
B
3 )
. (15)
Consequently, we obtain a generalized Debye length
lDPF =
(
ǫskBT
CB1 ((1− Λ)q21 − q1q2)
)1/2
(16)
9Remark 3.1. The generalized Debye length lDPF appears to be first proposed in the
literature to our knowledge, where Λ is a dimensionless quantity corresponding to the size
effects. It depends not only on the charges but also on the sizes of all particles (ions and
water). By contrast, the classical Debye length lD [23] depends only on charges but not sizes,
since all particles were treated as volumeless points in the classical Debye-Hu¨ckel formulation
of the linear Poisson-Boltzmann equation [23]. Note that the generalized length reduces to
the classical length if v1 = v2 6= 0 (two ionic species having equal radius and thus Λ = 0) or
v1 = v2 = v3 = 0 (all particles are points). The linear PF equation (14) is simplified to
(
1− l2c∇2
)∇2φ(r) = κ2φ(r), (17)
where κ2 =
CB
1
q1
ǫskBT
[(q1 − q2)− Λq1] and κ−1 = lDPF . It reduces to the linear PB equation if
both correlation (lc = 0) and steric (Λ = 0) effects are ignored. Note that lDPF (or lD) is
proportional to 1√
CB
1
.
Remark 3.2. Since lDPF includes the size effect, the correlation length lc should be
generalized to lc =
√
lBlDPF/48 for taking this effect into account as well. Consequently,
the generalized correlation length is not universal [25] but size dependent in contrast to that
in [25] derived from lD. Correlation lengths used in previous works [2, 26, 31, 34, 42] are all
empirical constants that depend specifically on the size and/or valence of a particular ion
of interest. The correlation length used here is not an empirical parameter.
3.2. General Solutions of Linear PF Equation in Spherical Symmetric System
Analytical solutions of the linear PB equation are in general not available for arbitrary
domains except for special cases such as spherical domains [21]. The classical DH equation
was derived from the linear PB equation in a spherically symmetric system [23]. We now
find a general solution of the linear PF equation (14) in such a system using mathematical
techniques in standard texts [21]. We first transform Eq. (14) into the following two second-
order elliptic PDEs
∇2φ(r) = 1
ǫs
ψ(r), (18)
∇2ψ(r) = −ǫsκ
2
l2c
φ(r) +
1
l2c
ψ(r), (19)
10
by introducing the extra unknown function ψ(r) [26], which is a density-like function as can
be seen from Eq. (3) by setting lc = 0. These two equations can be written in matrix form
as 
 ∇2φ(r)
∇2ψ(r)

 =

 0 1ǫs
−ǫsκ2
l2c
1
l2c



 φ(r)
ψ(r)

 = M

 φ(r)
ψ(r)

 . (20)
The characteristic polynomial g(t) of the matrix M is given by
g(t) = t2 − 1
l2c
t+
κ2
l2c
and the distinct roots of g(t) are the eigenvalues
λ1 =
1−√1− 4l2c/l2DPF
2l2c
, λ2 =
1 +
√
1− 4l2c/l2DPF
2l2c
(21)
of M that can thus be decomposed as
M = Q

 λ1 0
0 λ2

Q−1, Q =

 l2cλ2ǫsκ2 l2cλ1ǫsκ2
1 1

 , Q−1 = 1
λ2 − λ1

 ǫsκ2l2c −λ1
−ǫsκ2
l2c
λ2

 .
Denoting 
 φ∗(r)
ψ∗(r)

 = Q−1

 φ(r)
ψ(r)

 , (22)
Eq. (20) becomes 
 ∇2φ∗(r)
∇2ψ∗(r)

 =

 λ1 0
0 λ2



 φ∗(r)
ψ∗(r)


which, in spherically symmetric cases, is simplified to
1
r2
d
dr
(
r2
dφ∗(r)
dr
)
= λ1φ∗(r), (23)
1
r2
d
dr
(
r2
dψ∗(r)
dr
)
= λ2ψ∗(r), (24)
where r = |r| in R3. The general solutions of these two equations are
φ∗(r) =
Ae−
√
λ1r
r
+
Be
√
λ1r
r
, ψ∗(r) =
Ce−
√
λ2r
r
+
De
√
λ2r
r
, (25)
where A, B, C, and D are arbitrary constants. Consequently, the inverse mapping of Eq.
(22) gives the general solutions of Eqs. (18) and (19) as
φ(r) =
l2cλ2
ǫsκ2
(
Ae−
√
λ1r
r
+
Be
√
λ1r
r
)
+
l2cλ1
ǫsκ2
(
Ce−
√
λ2r
r
+
De
√
λ2r
r
)
, (26)
ψ(r) =
Ae−
√
λ1r
r
+
Be
√
λ1r
r
+
Ce−
√
λ2r
r
+
De
√
λ2r
r
. (27)
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FIG. 1: The model domain Ω is partitioned into the ion domain Ωi (with radius R
Born
i ), the
hydration shell domain Ωsh (with radius R
sh
i ), and the remaining solvent (bounded) domain Ωs.
3.3. Unique Solution of Linear PF Equation
The solvation energy – a fundamental quantity to measure the interaction of a solute with
its solvent – of an ion in a bulk electrolyte solution can be calculated by Born models in a
geometrically very simple setting [3]. Inspired by Born’s work [5], Debye and Hu¨ckel derived
a unique analytical solution of the linear PB equation in spherically symmetric domains [8].
Motivated by Born and Debye-Hu¨ckel models, a ring-shaped domain as shown in Fig. 1 was
proposed in [31] for solving numerically the nonlinear PF equation (3), where the system
domain Ω = Ωi∪Ωsh∪Ωs is bounded with the volume V , Ωi is the spherical domain occupied
by the solvated ion i, Ωsh is the hydration shell domain of the ion, Ωs is the rest of solvent
domain, and O denotes the center (set to the origin 0) of the ion. The radii of Ωi and the
outer boundary of Ωsh are denoted by the effective Born (ionic cavity [38]) radius R
Born
i and
the hydration shell radius Rshi (including first and second shells [41]), respectively.
Debye and Hu¨ckel [8] introduced the activity coefficient γi of an ion of species i in an
electrolyte solution to describe the deviation of the chemical potential of the ion from ideality
(γi = 1). The excess chemical potential µ
ex
i = kBT ln γi can be calculated by [3, 31]
µexi =
1
2
qiφ(0)− 1
2
qiφ
0(0), (28)
where φ(r) is a reaction potential [3] function and φ0(r) is a potential function when the
12
solvent domain Ωs does not contain any ions at all with pure water only, i.e., when the
solution is ideal. We seek an algebraic expression of the potential function φ(r) by solving
analytically the following system of second-order PDEs
ǫs∇2φ(r) = ψ(r) in Ωs, (29)(
1− l2c∇2
)
ψ(r) = ǫsκ
2φ(r) in Ωs, (30)
∇2φ(r) = 0 in Ωi ∪ Ωsh, (31)
for which the general solutions of (29) and (30) are given in (26) and (27), respectively. The
boundary and interface conditions for φ(r) and ψ(r) are
φ(r) = ψ(r) = 0 at |r| =∞, (32)
ψ(r) = ǫsκ
2φ(r) on ∂Ωsh ∩ ∂Ωs, (33)
[φ(r)] = 0 on ∂Ωi ∪ (∂Ωsh ∩ ∂Ωs) , (34)
[∇φ(r) · n] = 0 on ∂Ωsh ∩ ∂Ωs, (35)
[ǫ(r)∇φ(r) · n] = ǫi∇φ∗(r) · n on ∂Ωi, (36)
where ∂ denotes the boundary of a domain, the jump function [φ(r)] = lim
rsh→r φ(rsh)
− lim
ri→r φ(ri) at r ∈ ∂Ωi with rsh ∈ Ωsh and ri ∈ Ωi, ǫ(r) = ǫs in Ωsh and ǫ(r) = ǫi in Ωi,
ǫi = ǫionǫ0, ǫion is a dielectric constant in Ωi, n is an outward normal unit vector at r ∈ ∂Ωi,
and φ∗(r) = qi/(4πǫi |r− 0|).
The additional Laplace equation (31) in Ωi avoids large errors in a direct approximation
of the delta function δ(r − 0) in the singular charge qiδ(r − 0) of the solvated ion located
at the origin 0 by transforming the singular charge to the Green’s function φ∗(r) on ∂Ωi
in Eq. (36) as an approximate source of the electric field produced by the solvated ion
[7, 14]. From Eqs. (3) and (17), we observe that ψ(r) = ǫs∇2φ(r) = −ρ(r) ≈ ǫsκ2φ(r)
when lc = 0. Therefore, the interface condition (33) simply means that the function ψ(r)
satisfying Eq. (30) in Ωs is prescribed as a negative charge density function ǫsκ
2φ(r) with
lc = 0 on the boundary ∂Ωsh ∩∂Ωs. This interface condition can be derived from the charge
neutrality condition of the entire system using Gauss’s divergence theorem, see Ref. [26] for
the derivation, where all interface conditions are also presented and treated in great detail
from numerical point of view. Note that, although the entire electrolyte solution in Ω is still
in bulk condition, the excess chemical potential of the ion i has been modeled by this PDE
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system in which the singular charge of the ion is treated as an external source that generates
the electric potential function φ(r), i.e., the electrolyte solution in Ω\Ωi is not treated in
bulk condition.
The general solution of the Laplace equation (31) in a spherically symmetric domain is
[21]
φ(r, θ) =
∞∑
n=1
(Anr
n +Bnr
−n−1)Pn(cos θ),
where θ is the polar angle of a vector r and Pn(cos θ) are Legendre polynomials. This implies
that the solution is unique and
φ(r) = A0 in Ωi (37)
if φ(RBorni ) = A0, since r = 0 ∈ Ωi and thus Bn = 0 for all n, and An = 0 for all n 6= 0 as
r →∞. Similarly, the solution is unique and
φ(r) = C0 +
D0
r
in Ωsh (38)
if φ(RBorni ) = C0+
D0
RBorn
i
and φ(Rshi ) = C0+
D0
Rsh
i
. We need 7 conditions to uniquely determine
the 7 unknowns A, B, C, D, A0, C0, and D0, and to prove that φ(R
Born
i ) and φ(R
sh
i ) are
constants.
Conds. 1 and 2. By φ(r) = 0 and ψ(r) = 0 in (32) as r →∞, (26), and (27), we obtain
B = D = 0 and hence
φ(r) =
Al2cλ2
ǫsκ2
e−
√
λ1r
r
+
Cl2cλ1
ǫsκ2
e−
√
λ2r
r
in Ωs,
ψ(r) =
Ae−
√
λ1r
r
+
Ce−
√
λ2r
r
in Ωs.
Cond. 3. [φ(r)] = 0 on ∂Ωsh ∩ ∂Ωs in (34) and (38), we have
φ(Rshi ) =
Al2cλ2
ǫsκ2
e−
√
λ1Rshi
Rshi
+
Cl2cλ1
ǫsκ2
e−
√
λ2Rshi
Rshi
= C0 +
D0
Rshi
,
which implies that φ(Rshi ) is constant and
Aλ2e
−
√
λ1Rshi + Cλ1e
−
√
λ2Rshi =
ǫsκ
2
l2c
(
C0R
sh
i +D0
)
.
Cond. 4. By (33), we have
ψ(Rshi ) =
Ae−
√
λ1Rshi
Rshi
+
Ce−
√
λ2Rshi
Rshi
= ǫsκ
2φ(Rshi )
=
Al2cλ2e
−
√
λ1Rshi
Rshi
+
Cl2cλ1e
−
√
λ2Rshi
Rshi
,
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Ae−
√
λ1Rshi
(
l2cλ2 − 1
)
+ Ce−
√
λ2Rshi
(
l2cλ1 − 1
)
= 0.
Cond. 5. By (35), we have
[
∂φ(r)
∂n
]
= lim
r→Rsh
i
d
(
Al2cλ2
ǫsκ2
e−
√
λ1r
r
+ Cl
2
cλ1
ǫsκ2
e−
√
λ2r
r
)
dr
− lim
r→Rsh
i
d
(
C0 +
D0
r
)
dr
= lim
r→Rsh
i
[
−Al2cλ2
(√
λ1r + 1
)
ǫsκ2
e−
√
λ1r
r2
− Cl
2
cλ1
(√
λ2r + 1
)
ǫsκ2
e−
√
λ2r
r2
+
D0
r2
]
=
1(
Rshi
)2
[
D0 −
Al2cλ2
(√
λ1R
sh
i + 1
)
e−
√
λ1Rshi
ǫsκ2
− Cl
2
cλ1
(√
λ2R
sh
i + 1
)
e−
√
λ2Rshi
ǫsκ2
]
Aλ2
(√
λ1R
sh
i + 1
)
e−
√
λ1Rshi + Cλ1
(√
λ2R
sh
i + 1
)
e−
√
λ2Rshi =
D0ǫsκ
2
l2c
.
Cond. 6. By [φ(r)] = 0 on ∂Ωi in (34), we have
φ(RBorni ) = C0 +
D0
RBorni
= A0,
which implies that φ(RBorni ) is constant.
Cond. 7. By (36), we have
[
ǫ(r)
∂φ(r)
∂n
]
= ǫs lim
r→RBorn
i
d
(
C0 +
D0
r
)
dr
− ǫi lim
r→RBorn
i
dA0
dr
= − ǫsD0
(RBorni )
2
= ǫi∇φ∗(r) · n = qi
4π
lim
r→RBorn
i
d
dr
1
r
= − qi
4π (RBorni )
2 .
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Therefore, we find
A =
qiκ
2
4πl2c
[
e
√
λ1Rshi (l2cλ1 − 1)
λ2 (l2cλ1 − 1)
(√
λ1Rshi + 1
)− λ1 (l2cλ2 − 1) (√λ2Rshi + 1)
]
,
C =
qiκ
2
4πl2c
[
−e
√
λ2Rshi (l2cλ2 − 1)
λ2 (l2cλ1 − 1)
(√
λ1Rshi + 1
)− λ1 (l2cλ2 − 1) (√λ2Rshi + 1)
]
,
B = D = 0,
C0 =
qi
4πǫsRshi
[
λ2 (l
2
cλ1 − 1)− λ1 (l2cλ1 − 1)
λ2 (l2cλ1 − 1)
(√
λ1Rshi + 1
)− λ1 (l2cλ2 − 1) (√λ2Rshi + 1) − 1
]
,
D0 =
qi
4πǫs
,
A0 = C0 +
D0
RBorni
.
Since
λ1 + λ2 =
1
l2c
,
λ2
(
l2cλ1 − 1
)
= λ2
(
λ1
λ1 + λ2
− 1
)
=
−λ22
λ1 + λ2
= −l2cλ22,
λ1
(
l2cλ2 − 1
)
= −l2cλ21,
we introduce the symbol Θ for C0 such that
Θ =
λ2 (l
2
cλ1 − 1)− λ1 (l2cλ1 − 1)
λ2 (l2cλ1 − 1)
(√
λ1Rshi + 1
)− λ1 (l2cλ2 − 1) (√λ2Rshi + 1)
=
−l2cλ22 + l2cλ21
−l2cλ22
(√
λ1Rshi + 1
)
+ l2cλ
2
1
(√
λ2Rshi + 1
)
=
λ21 − λ22
λ21
(√
λ2Rshi + 1
)− λ22 (√λ1Rshi + 1)
=
λ1 − λ2
l2cλ
2
1
(√
λ2Rshi + 1
)− l2cλ22 (√λ1Rshi + 1) . (39)
We summarize our analysis as the following main result of the current study.
Theorem 3.2. For a binary aqueous electrolytic solution in a spherically symmetric
domain as shown in Fig. 1, the linear Poisson-Fermi model system (29) – (36) has the
unique potential function
φPF (r) =


qi
4πǫsRBorni
+ qi
4πǫsRshi
(Θ− 1) in Ωi
qi
4πǫsr
+ qi
4πǫsRshi
(Θ− 1) in Ωsh
qi
4πǫsr
[
λ2
1
e
−
√
λ2(r−Rshi )−λ2
2
e
−
√
λ1(r−Rshi )
λ2
1(
√
λ2Rshi +1)−λ22(
√
λ1Rshi +1)
]
in Ωs.
(40)
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Remark 3.3. Note that limlc→0 λ1 = 1/l
2
DPF (correlation effect is ignored), limlc→0 λ2 =
∞, and limlc→0Θ = limCB
1
→0Θ = limlDPF→∞Θ = 1 (correlation is ignored and electrolyte
is infinite dilute). The linearized PF potential φPF (r) reduces to the linearized PB po-
tential φPB(r) = qie
−r/lD/(4πǫsr) as in standard texts (e.g. Eq. (7.46) in [23]) by taking
limlc→0 φ
PF (r) with vj = 0 for all j (steric effect is ignored), R
sh
i = 0, and r > 0.
3.4. Generalized Debye-Hu¨ckel Equation
As discussed in [44], the solvation free energy of an ion i should vary with salt concen-
trations, i.e., the Born energy
− q
2
i
8πǫ0R0i
(
1− 1
ǫw
)
(41)
in pure water (i.e. CBi = 0) with a constant Born radius R
0
i should be modified to depend
on CBi ≥ 0. Equivalently, the effective Born radius RBorni of the electrolyte solution in Fig.
1 varies with CBi and can be modified from R
0
i by a simple formula [31]
RBorni (C
B
i ) = θ(C
B
i )R
0
i , θ(C
B
i ) = 1 + α
i
1
(
C
B
i
)1/2
+ αi2C
B
i + α
i
3
(
C
B
i
)3/2
, (42)
where C
B
i = C
B
i /M is a dimensionless bulk concentration, M is molarity (molar concentra-
tion), and αi1, α
i
2, and α
i
3 are adjustable parameters for modifying the experimental Born
radius R0i to fit experimental activity coefficients γi that change with the bulk concentration
CBi of the ion. The Born radii R
0
i given below are cited from [44], which are computed from
the experimental hydration Helmholtz free energies of these ions given in [10]. The three
parameters in (42) have physical or mathematical meanings unlike numerous parameters in
the Pitzer model [12, 40, 46]. The first parameter αi1 is an adjustment of R
0
i that accounts
for the real thickness of the ionic atmosphere (Debye length), which is proportional to the
square root of the ionic strength I = 1
2
∑
iC
B
i z
2
i in the DH theory [23]. The second α
i
2 and
third αi3 parameters are adjustments in the next orders of approximation beyond the DH
treatment of ionic atmosphere [31].
The potential value φ0(0) = limCB
1
→0 φ
PF (0) = qi/ (4πǫsR
0
i ) by limCB1 →0Θ = 1 and
limCB
1
→0R
Born
i (C
B
i ) = R
0
i . From (28) and (40), we thus obtain a generalized activity coeffi-
cient γDHPFi as
ln γDHPFi =
q2i
8πǫskBT
(
1
RBorni (C
B
i )
− 1
R0i
+
Θ− 1
Rshi
)
. (43)
17
Since the steric potential Strc(r) in (2) takes particle volumes and voids into account, the
shell volume Vsh of the shell domain Ωsh can be determined by the steric potential
Strcsh =
v0
vw
ln
Owi
VshCBK+1
= ln
Vsh − vwOwi
VshΓB
(44)
[31], where the occupant (coordination) number Owi of water molecules is given by experi-
mental data [41]. The shell radius Rshi is thus determined and depends not only on O
w
i but
also on the bulk void fraction ΓB, namely, on all salt and water bulk concentrations (CBk ).
Remark 3.4. The generalized activity coefficient γDHPFi reduces to the classical γ
DH
i
proposed by Debye and Hu¨ckel in 1923 [8], namely,
ln γDHi =
−q2i
8πǫskBT (Ri + lD)
(45)
provided that RBorni (C
B
i ) = R
0
i (without considering the Born energy effect), R
sh
i = Ri (an
effective ionic radius (parameter) [8]), lDPF = lD (no steric effect), and lc = 0 (no correlation
effect). The reduction is shown by taking the limit of the last term in (43) as lc → 0, i.e.,
lim
lc→0
Θ− 1
Rshi
=
−1
Ri + lD
since
Θ =
λ21 − λ22
λ21
(√
λ2Rshi + 1
)− λ22 (√λ1Rshi + 1)
Θ− 1 = −
(
λ21
√
λ2R
sh
i − λ22
√
λ1R
sh
i
)
λ21
(√
λ2Rshi + 1
)− λ22 (√λ1Rshi + 1)
Θ− 1
Rshi
=
− (λ21√λ2 − λ22√λ1)
Rshi
(
λ21
√
λ2 − λ22
√
λ1
)
+ (λ21 − λ22)
=
−1
Rshi +G
G =
λ21 − λ22
λ21
√
λ2 − λ22
√
λ1
=
λ21/λ
2
2 − 1
λ21
√
λ2/λ22 −
√
λ1
lim
lc→0
G = lim
lc→0
1√
λ1
= lD,
(
lim
lc→0
λ1 =
1
l2D
, lim
lc→0
λ2 =∞
)
.
Hu¨ckel soon realized that the DH formula (45) failed to fit experimental data at high ionic
strengths and modified it in 1925 [18] by adding a linear term in CBi with an extra parameter
ηi1 to become
ln γDHBi = ln γ
DH
i + η
i
1C
B
i , (46)
where the linear term is an approximation of the Born solvation energy
q2i
8πǫ0R0i
(
1
ǫw
− 1
ǫ
)
(47)
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as the permittivity varies from ǫwǫ0 in pure water to ǫǫ0 in electrolyte solutions, where the
dielectric constant ǫ is unknown and changes with CBi , i.e., ǫ = ǫ(C
B
i ) a function of salt
concentrations. Consequently, a variety of extended DH models γDHBxi [40] in the form
similar to
ln γDHBxi = ln γ
DH
i +
n∑
k=1
ηik
(
CBi
)k
(48)
have been proposed in the literature to express other thermodynamic properties such as
temperature and pressure by a power expansion of CBi with more and more adjustable
parameters ηik that can increase combinatorially with various composition (various i), tem-
perature, and pressure to a frustrating amount as mentioned above. Note that ηik may also
depend on ionic strength I in a complicated way, see e.g. Eq. (2) in [40]. Many expressions
of those parameters are rather long and tedious and do not have clear physical meaning
[12, 40, 46]. Moreover, it has been reported in [11] that no improvement is found for the
extended DH model (46) by changing the constants in the approximation of ǫ(CBi ) to reflect
changes in solvent permittivity. This means that changing only ηi1 may not improve the
model to fit experimental data unless more adjustable parameters are introduced to model
the Born energy more accurately as proposed in [43].
The RBorni term in (43) differs significantly from the last term in (48) as they are inverse
of each other in terms of CBi and parameters. Therefore, the generalized γ
DHPF
i is not a
γDHBxi for which the empirical nature of extended DH models requires a great deal of efforts
to extract parameters (without physical hints) from existent thermodynamic databases by
regression analysis [40, 46, 47].
Remark 3.5. Same as the classical γDHi , the generalized activity coefficient also satisfies
the DH limiting law [23], i.e., γDHPFi = γ
DH
i = 1 as C
B
i → 0 for infinite dilute (ideal)
solutions. The DH limiting law is useful for calculating the activity coefficient of an ion
in very dilute solutions to compare with experimental measurements that are especially
important for highly charged electrolytes [13].
The formula (43) shows that the principal determinant of ionic activity is the
concentration-dependent Born radius RBorni (C
B
i ) since γ
DHPF
i is very sensitive to R
Born
i (C
B
i )
that is an atomic distance from the singular charge qiδ(r − 0) of the ion, which is infinite
at 0 and thus critically affects γDHPFi . The secondary determinant is the hydration shell
radius Rshi that lumps short-range ion-water interactions into a single physical length. The
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last part of ionic activity is extracted to the symbol Θ that accounts for ion-ion correlations
(lc) and long-range electrostatics (lDPF ) via the eigenvalues λ1 and λ2 in (21) and (39).
4. CONCLUSION
A generalized Debye-Hu¨ckel equation has been derived and analyzed from the Poisson-
Fermi theory that accounts for the steric, correlation, and polarization effects of ions and
water in aqueous electrolyte solutions at variable composition, concentration, temperature,
and pressure. A generalized Debye length is proposed to include the size effect of ions
and water. The new equation and length have been shown to reduce to their classical
counterparts when these three effects are ignored. We have also shown that the generalized
DH model is not an extended Debye-Hu¨ckel model since their approximations of the Born
solvation energy are inversely different in salt concentration.
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